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Abstract: This paper proposes a methodology for the design of parity relations
for dynamical systems with multiplicative uncertainties. Instead of canceling
uncertainties following the example of the so-called robust approaches, uncertain
parity relations take uncertainties into account as bounded variables. The method
is based on the analysis of zonotopes representing set of possible behaviors. The
proposed parity relations design method applies to any uncertain linear system
assuming that it is regularly observable. It requires very little computation time:
this approach comes down to compute and check linear inequalities at each sample
time. Copyright c©2006 IFAC.

Keywords: uncertain parity relations, set-membership approach, fault detection

1. INTRODUCTION

This paper focuses on parity relations introduced
by Chow and Willsky (Chow and Willsky 1984)
and improved by Massoumnia and Van der Velde
(Massoumnia and Van Der Velde 1988). These
techniques are indeed speci�c and particularly
relevant for fault diagnosis because they lead to
very short detection time delay. Since 1995, the in-
terest of researchers for taking into account mod-
eling uncertainties in fault detection is growing
up. First works dealing with fault detection algo-
rithms based on set-membership approaches have
appeared at the end of the nineties ((Ragot et al.
1997, Chang et al. 1995)). During 1998 and 1999,
interval calculus has been �rstly used in fault
detection of uncertain systems ((Armengol et al.
1999, Ploix 1998)) and, since 2000, lots of works
have emerged on this topic. First results on par-
ity relation based on set-membership approaches
have been proposed in (Adrot et al. 2000). Set-
membership approaches for fault detection based

on the Hansen algorithm in (Didrit 1997, Hansen
1992), and on the worst-case simulation have been
proposed in (Puig et al. 2002). (Horak and Allison
1990) proposes a method based on the Pontrya-
gin principle to estimate the enclosures of un-
certain systems. However, approaches based on
Pontryagin principle, on Hansen algorithm or on
the worst-case simulation require lots of compu-
tations at each sample time, which are generally
incompatible with real-time constraint in complex
dynamic systems.
This paper focuses on the design of parity rela-
tions for systems modeled by linear models with
multiplicative uncertainties.

2. PROBLEM STATEMENT

In order to tackle models containing multiplicative
uncertainties with a bounding approach, the con-
cept of membership value set is introduced, given



asM( ), by analogy with the stochastic variables.
If X is a bounded variable, in other words, if it
is only known by the space to which it belongs,
then this space will be given asM( ). The notation
x should designate a particular realization of X;
nevertheless, for the sake of simplicity, the nota-
tion of a realization x will be merged with that of
the bounded variable X itself. Henceforth, x will
designate, alternately, the bounded variable and
one of its realizations, and M(x) will designate
the membership value set of the bounded vari-
able. State space models containing multiplicative
uncertain parameters are studied in this paper. It
should be noted that by uncertain it is meant that
uncertain parameters correspond to time varying
(values are unknown and may vary from time to
time) or invariant variables (values are unkown
but constant), of which only bounds are known.
The following notation is used to distinguish be-
tween two kinds of variables: unknown physical
variables and known values such as measured or
controlled values, which are topped by a `�' sign.
For example, the following relation can represent
the behavior of a sensor: ỹ = (1 + υ)y where υ
represents an uncertain parameter, y the actual
value of a physical variable and ỹ the measured
value of y. For the sake of simplicity, uncertainties
will be represented by normalized independent
bounded variables, of which the membership value
set is equal to [−1, 1]. For instance, a parameter
υ whose value belongs to [2, 6], will be written
υ = 4 + 2θ where θ is a normalized uncertain
variable: M(θ) = [−1, 1].
Because parity relations involve �nite time hori-
zons, it is usual to consider that some bounded
variables are time-invariant over the considered
time-horizon h (it is an interesting feature of
parity relations because it reduced the problem
complexity). Therefore, an uncertain normalized
bounded variable may be written either θi,k if
it is time-varying or ϑi elsewhere, which means
that this uncertain variable is considered as an
unknown constant over the horizon h.
A general discrete-time linear state space model
with multiplicative normalized uncertainties ϑ
and θk, is given by:{

xk+1 = A(ϑ, θk)xk + B(ϑ, θk)uk

yk = C(ϑ, θk)xk + D(ϑ, θk)uk

(1)

where xk ∈ Rn, ũk ∈ Rm, ỹk ∈ Rp and




A(ϑ, θk) = A0 +
∑

i

Aiϑi +
∑

j

Ajθj,k = Ak

B(ϑ, θk) = B0 +
∑

i

Biϑi +
∑

j

Bjθj,k = Bk

C(ϑ, θk) = A0 +
∑

i

Ciϑi +
∑

j

Cjθj,k = Ck

D(ϑ, θk) = A0 +
∑

i

Diϑi +
∑

j

Djθj,k = Dk

The next section presents how to check if a set of
known values {ũk, . . . , ũk+h−1, ỹk+1, . . . , ỹk+h−1}
is consistent with an uncertain model such as (1).
According to (Chow and Willsky 1984, Massoum-
nia and Van Der Velde 1988), the observability
concept is a key issue in the design of parity
relations. However, observability is more complex
in the uncertain context because it depends of
uncertain parameters. Let's de�ne the regular ob-
servability.
De�nition. An uncertain system de�ned by (1)
is called regularly observable if the dimension of
its observable subspace, de�ned by the uncertain
matrix Oh(υ),∀h, is independent of the uncertain-
ties i.e. if ∀h ∈ N, ∀υ ∈ M(υ), rank(Oh(υ)) =
rank(Oh(0)) where Oh(υ) is de�ned by:

Oh(υ) =




Ck

Ck+1Ak

...
Ck+h−1Ak+h−2 . . . Ak


 ;

υ =




ϑ
θk

...
θk+h−1


 =




υ1

...
υq




In the next, system de�ned by (1) is assumed to
be regularly observable. Therefore, the horizon h
to consider is given by the deterministic theory:

h/hp ≥ rank(Oh(0)) (2)

For the sake of simplicity, only full column rank
state space matrices are considered (model re-
ductions may be required in order to get a non
redundant state space representation) i.e.:

∀υ/‖υ‖∞ ≤ 1, rank(Oh(υ)) = p (3)

Therefore, the most interesting horizon h corre-
sponds to the smallest h satisfying (2) and (3).
Considering model (1) and stacking relationships
between known values for each sample time such
as in most parity relation design approaches
(Chow and Willsky 1984), the following relation
arises:



ỹk

...
ỹk+h−1


−Γ(υ)




ũk

...
ũk+h−1


−Oh(υ)xk = 0 (4)

where
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Γ(υ) =




Dk . . .
Ck+1Bk . . .

... . . .
Ck+h−1Ak+h−2 . . . Ak+1Bk . . .

. . . 0 . . . 0

. . . Dk+1 . . . 0

. . .
...

...
...

. . . Ck+h−1Ak+h−2 . . . Ak+2Bk . . . Dk+h−1




If conditions (2) and (3) are satis�ed, it is possible
to calculate a projection matrix Ω(υ) satisfying:

∀υ/‖υ‖∞ ≤ 1,Ω(υ)Oh(υ) = 0 (5)

Therefore, equation (4) has been projected with
respect to Ω(υ) in order to remove the unknown
vector xk:

Ω(υ)




ỹk

...
ỹk+h−1


− Ω(υ)Γ(υ)




ũk

...
ũk+h−1


 = 0 (6)

Nevertheless, two problems arise: the computation
of Ω(υ) and the way of testing a parity relation
such as (6). Section 4 shows that uncertain parity
relations a�ne in the uncertainties can easily be
used for detection. Next section shows how to
compute matrices of uncertain parity relations
a�ne in the uncertainties.

3. CALCULATING UNCERTAIN PARITY
RELATIONS

A linearized numeric solution ΩL(υ) of Ωυ solving
equation (5) can be computed as follow.
Let υ[α] be a power product of uncertain variables
coming from matrix Oh(υ) de�ned by υ[α] =
υα1

1 υα2
2 . . . υ

αq
q with α = [α1, α2, . . . , αq]> ∈ Nq

and ρ(υ[α]) =
∑

i vi, the order of the power
product.
Because the matrices of the discrete-time state
space model (1) are a�ne with respect to un-
certain variables, any observability matrix Oh(υ),
de�ned on a horizon h, can be reformulated as:

Oh(υ) =
∑

α∈V (υ)

O[α]υ[α] (7)

where V (υ) stands for the set of all vectors α
appearing in the products υ[α] of Oh(υ) and
dim(O[α]) = hp × n. Each term O[α]υ[α] is called
monom.
By extension, the order of a matrix Oh(υ) is equal
to the maximum order of its monoms i.e.

ρ(Oh) = max
α∈V (υ)

(ρ(υ[α]))

Let Ω(υ) be a solution of (5). It may also be
decomposed as:

Ω(υ) =
∑

β∈W (υ)

Ω[β]υ[β] (8)

Therefore, the product Ω(υ)Oh(υ) has to satisfy:
∀υ/‖υ‖∞ ≤ 1,


 ∑

β∈W (υ)

Ω[β]υ[β]





 ∑

α∈V (υ)

O[α]υ[α]


 = 0

This condition can be reformulated as: ∀υ/‖υ‖∞ ≤
1,

∑

γ∈(V (υ)⊕W (υ))


 ∑

α∈V (υ)/α≤γ

Ω[γ−α]O[α]


 υ[γ] = 0

where V (υ)⊕W (υ) = {γ/γ = α+β;α ∈ V (υ); β ∈
W (υ)}.
This constraint has to be satis�ed ∀υ/‖υ‖∞ ≤ 1.
Therefore, the previous summation yields several
conditions to be satis�ed 1 :
∀γ ∈ (V (υ)⊕W (υ)),

∑

α∈V (υ)/α≤γ

Ω[γ−α]O[α] = 0

(9)
Because V (υ) is a subset of Nq, the set of all the
constraints (9) generated by the solution matrix
Ω may be pre-de�ned. Computing a constraint
(9) requires indeed that α belongs to {α/γ ≥
α ≥ 0; ∀γ ∈ (V (υ) ⊕ W (υ))}. Moreover, when
constraints of maximum order r are searched, the
problem complexity can still be reduced. The set
of admissible vectors γ is reduced:

∀γ ∈ (V (υ)⊕W (υ)), ρ(γ − α) ≤ r

Therefore, the set Sr(γ) of vectors γ generated by
a solution matrix Ω, of which maximum order is
r, is given by:
Sr(υ) = {γ ∈ Nq;∃α ∈ V (υ)/(α ≤ γ)∧(ρ(γ−α) ≤ r)}

(10)
Then, searching Ω(υ) satisfying (5) can be achieved
iteratively according to the order of Ω(υ). The
order ρ(Ω) is initially set to r = 0. The list of
constraints Sr(υ) is computed according to (10)
and the constraints are deduced from (9). A so-
lution matrix Ω(υ) satisfying all the constraints
is searched (for instance, the constraints may be
gathered into a large matrix of which kernel is
computed, see example in section 5). If the num-
ber of solutions is lower than p (3), the order
ρ(Ω(υ)) is incremented by 1 and a new global
solution Ω(υ) is searched for the new order.

1 A vector v ∈ Nn is lower (resp. greater) or equal than
another vector w ∈ Nn if vi ≤ wi (resp. vi ≥ wi),
i ∈ {1, . . . , n}.
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When the solution matrix Ω(υ) has been found,
monoms, of which maximum order is greater than
1, are neglected (see example in section 5) be-
cause the membership domains are expected to
be zonotopes i.e. depicted by equation a�ne in the
uncertain variables. Let ΩL(υ) be the �rst order
approximation of Ω(υ):

ΩL(υ) = Ω0 +
q∑

i=1

Ωiυi (11)

Matrices Ωi are thus deduced from (9) and (10).
Let ζi be a canonical vector of Nq i.e. a null vector
where the ith element is 1. Then,





Ω0 = Ω[0]

Ωi = Ω[ζi] if ζi ∈ W (υ)
Ωi = 0 elsewhere

In order to compute uncertain parity relations,
the �rst order approximation ΓL(υ) of Γ(υ) can
be deduced from (4):

ΓL(υ) = Γ0 +
q∑

i=1

Γiυi (12)

The resulting linear parity relations a�ne with
respect to uncertainties can be written as:

0 = (Ω0 +
∑

i

Ωiυi)




ỹk

...
ỹk+h−1


 . . .

. . .− (Λ0 +
∑

i

Λiυi)




ũk

...
ũk+h−1


 (13)

where Λ0 = Ω0Γ0 and Λi = Ω0Γi + ΩiΓ0.

4. TESTING UNCERTAIN PARITY
RELATIONS

Uncertain parity relations (13) a�ne in the uncer-
tainties can be checked thanks to a method used
for static uncertain system presented in (Ploix et
al. 2000). Relation (13) can be reformulated in
factorizing uncertain terms:

0 = Ω0




ỹk

...
ỹk+h−1


− Λ0




ũk

...
ũk+h−1


 + . . .

∑

i


Ωi




ỹk

...
ỹk+h−1


 + Λi




ũk

...
ũk+h−1





 υi (14)

The general principle behind this approach is to
construct the zonotope de�ned by the vector �eld

appearing in (14) then to check whether the origin
of the coordinate axes belongs to this domain.
It has been shown that, for static systems, check-
ing a system Mk + Nkυ = 0 where Mk ∈ Rn and
Nk ∈ Rn×q amounts to check if:

{0} ∈ M(Mkυ + Nk) (15)

where M(Mkυ + Nk) is a zonotope, which looks
like an hypervolume delimited by parallel hyper-
plans. A zonotope can be decomposed into a set
S of strip constraints Si de�ned by directional
vectors Hi ∈ H:

−‖H>
i Mk‖1 + H>

i Nk ≤ 0 ≤ ‖H>
i Mk‖1 + H>

i Nk

(16)
Then, testing (15) amounts to test all the strip
constraint (16). The computation of the di�erent
Hi of H is achieved by solving this equation:

HiMkΦi = 0 ; rank(MkΦi) = n− 1 (17)

where the matrix Φi gathers n − 1 canonical
vectors of Rm. At most, then, there are Cn−1

m strip
constraints.
Once all the strip constraints (16) have been
computed, (15), and consequently (14), can be
easily checked in verifying that all the strip con-
straints are satis�ed. This test requires few com-
putations comparing to set-membership inversion
approaches.

5. EXAMPLE

Consider the following example:




xk+1 =

[
0.8 + 0.1θk 1

0 0.2

]
xk +

[
0
1

]
ũk

ỹk =
[

1 + 0.1ϑ 0
]
xk

(18)
The horizon h satisfying (2) and (3) is equal to 3.
Therefore, this model can be reformulated for a
time horizon of 3 sample times as (4):




ỹk

ỹk+1

ỹk+2 − (1 + 0.1ϑ)ũk


−O3(υ)xk = 0

where υ = [θk, θk+1, ϑ]> and O3(υ) can be decom-
posed into monoms:
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O3(υ) =




1 0
0.8 1
0.64 1


 υ[0,0,0] +




0 0
0.1 0
0.08 0


 υ[1,0,0] +

. . .




0 0
0 0

0.64 0.1


 υ[0,1,0] +




0.1 0
0.08 0.1
0.064 0.1


 υ[0,0,1] +

. . .




0 0
0 0

0.01 0


 υ[1,1,0] +




0 0
0.01 0
0.008 0


 υ[1,0,1] +

. . .




0 0
0 0

0.008 0.01


 υ[0,1,1] +




0 0
0 0

0.001 0


 υ[1,1,1]

Consequently, the set V (υ), appearing in (7), is
equal to:

V (υ) = {[0, 0, 0], [1, 0, 0], [0, 1, 0], [0, 0, 1], . . .

[1, 1, 0], [1, 0, 1], [0, 1, 1], [1, 1, 1]}
Firstly, let's try a solution matrix Ω = Ω[0,0,0]

satisfying ρ(Ω) = 0. The set S0(σ), appearing in
(10), is given by (10):

S0(σ) = {[0, 0, 0], [1, 0, 0], [0, 1, 0], [0, 0, 1], . . .

[1, 1, 0], [1, 0, 1], [0, 1, 1], [1, 1, 1]}
It leads to 8 constraints given by (9), which can
be gathered into a large matrix. Thus, the solution
matrix Ω[0,0,0] has to satisfy:

Ω[0,0,0][O[0,0,0]O[1,0,0]O[0,1,0]O[0,0,1] . . .

O[1,1,0]O[0,0,0]O[1,0,1]O[1,1,1]] = 0

Unfortunately, the only solution for Ω is Ω=0.
Therefore, a matrix Ω satisfying ρ(Ω) = r = 1
is then considered. The set S1(σ) is computed
and the following projection matrix is successfully
obtained:

Ω(υ) = Ω[0,0,0] + Ω[1,0,0]θk + Ω[0,1,0]θk+1 + Ω[0,0,1]ϑ

with





Ω[0,0,0] = [0.16,−1, 1]
Ω[1,0,0] = [0.02, 0, 0]
Ω[0,1,0] = [0,−0.1, 0]
Ω[0,0,1] = 0

This solution is already linear and does not require
any linearization. Matrix Γ(υ) has then to be
computed. It is given by (4). However, it is not
necessary to compute the complete matrix be-
cause only terms a�ne in the uncertain variables
of the product Ω(υ)Γ(υ) are considered:

Ω(υ)Γ(υ) = Ω0Γ0 +
∑

i

(Ω0Γi + ΩiΓ0)υi + ◦(υ2)

Only terms of order 0 and 1 are necessary:

Γ(υ) = Γ0 + Γ1ϑ

with





Γ0 =




0 0 0
0 0 0
0 1 0




Γ1 =




0 0 0
0 0 0
0 0.1 0




According to (13), the resulting parity relation,
a�ne in the uncertainties, is:

(0.16 + 0.02θk)ỹk − (1 + 0.1θk+1)ỹk+1 +

. . . ỹk+2 + (1 + 0.1ϑ)ũk+1 = 0

Figure 1 represents the variables, which have been
simulated in this example. A fault a�ecting the
structure of the matrix C has been simulated
between times 10 and 40 and between times 60
and 90.

Fig. 1. Simulated variables of the academic exam-
ple

Figure 2 compares the results of an exact ap-
proach (small crosses) based on a set-inversion
algorithm (Hansen 1992) and the results of the
uncertain parity relation (without any compensa-
tion). The abnormal behaviour is detected when
fault is present. Faults are still detected out of the
faulty time period, for instance at times 41, 91 and
92: it is explained by the time horizon, which is
equal to 3 sample times.
Results are identical but set-inversion approach
has required about 1 hour with Matlab on a
Pentium 4 computer instead of less than 1 second
for the uncertain parity relation.

6. CONCLUSION

Uncertain parity relations are powerful tools to
handle uncertain dynamic systems where mul-
tiplicative uncertainties are predominant. The
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Fig. 2. Detection results of the nonlinear and a�n
approaches

deterministic approach becomes indeed impre-
cise because the a posteriori thresholds o�setting
the neglected uncertain part of the deterministic
model becomes not enough conservative. Uncer-
tain parity relations are interesting alternatives to
the set-membership state-estimation approaches
that require integration with respect to the time
and therefore set the problem of the wrapping
e�ects (Milanese et al. 1996), which is often solved
in degrading the guaranty property.
The proposed parity relations design method ap-
plies to any uncertain linear system assuming that
it is regularly observable. It requires very little
computation time: this approach comes down to
compute and check linear inequalities at each
sample time. Even if it requires a linearization,
it can be compensated by an additive uncertain
variables a posteriori tuned.
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