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Abstract

A new approach for the design of parity relations for linear dynamic systems with additive and multiplicative uncertainties
is presented. Instead of canceling uncertainties following the example of the so-called robust approaches, uncertain parity
relations take uncertainties into account as bounded variables. The method is based on the analysis of zonotopes representing
the uncertainties. It leads both to Boolean detection results and to an indicator representing the distance to the opposite

decision.
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1 Introduction

Many works in the international literature, for the past
15 years, have dealt with diagnosis of physical systems.
Most of the works developed within the Automatic Con-
trol community focus on fault detection. Several detec-
tion tools have emerged: state observer based residuals
generators, parity relations and parameter estimation
based detection approaches are the main trends. This
paper focuses on parity relations, which have been in-
troduced by [4], and improved by [9]. These techniques
are indeed particularly relevant for fault diagnosis be-
cause they lead to very short time windows, which re-
duce the detection time. They are also very general tech-
niques: the equivalence between the results provided by
parity relations and state observer based approaches has
been demonstrated in [19]. Although these techniques
are well-suited for deterministic models, they attempt
to cancel uncertainties without taking them into consid-
eration during detection in uncertain context [13]. The
Kalman filter is an exception here, because it includes
vectors of stochastic variables and helps to automatically
determine thresholds indexed on standard deviations.
Unfortunately, the uncertainties appearing in the mod-
els used by Kalman filters are additive, which can only
converge to regular thresholds around variables recon-
structed by the filter. Only few researchers have shown
an interest in techniques taking multiplicative uncertain-
ties into consideration. Let’s cite [8], which has proposed
a method based on the Pontryagin principle to estimate
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the enclosures of uncertain systems.

About fifteen years ago, many studies formulating iden-
tification problems within a set-membership context
have appeared [11,18,21]. Instead of representing the
uncertainties by means of Gaussian stochastic variables,
these approaches, known as bounding approaches or
set-membership approaches, represent the uncertainties
by a set of possible values of which only the bounds
are known. These works have been summarized in [10].
Since 1995, researchers have been interested in taking
into account modelling uncertainties in fault detection
[?,?,7]. Set-membership approaches of fault detection
based on the Hansen algorithm in [6,7] and on the worst-
case simulation have been proposed in [16]. However,
approaches based on Pontryagin principle, on Hansen
algorithm or on the worst-case simulation require lots
of computations at each sample time, which are gener-
ally incompatible with real-time constraint in complex
dynamic systems.

In parallel, diagnostic analysis, also called isolation, has
evolved. [17] and [5] have proposed a logically sound di-
agnostic analysis. These works only apply to determinis-
tic static systems, but their considerable interest resides
in the fact that they formulate the diagnostic problem in
a very formal way, in particular by introducing the con-
cept of consistency. Recently, new isolation approaches
have been developed [12,15]. They aim at merging the ac-
curacy of the detection tools provided by the Automatic
Control community with the logically sound diagnostic
analysis provided by the Artificial Intelligence commu-
nity. These new results are able to guarantee the diag-
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nostic analysis step i.e. if the symptoms provided by the
detection tests are true, then all the possible diagnoses
are found and one of them corresponds to the actual sys-
tem state. However, in the very common uncertain con-
text, deterministic detection tests neglect uncertainties
and therefore, they cannot guarantee their symptoms.
Guaranteed detection tests for dynamic systems mod-
elled by differential equation containing uncertainties is
henceforth a main issue.

Having this in mind, it now remains to take a look at
what a detection test becomes when the behavioural
model contains uncertainties. In the case of deterministic
models, it is enough to check whether the observations in
turn satisfy the models’ deterministic equations. What
happens in an uncertain context? First and foremost, an
uncertain model represents a set of possible behaviours.
This set may be represented by distribution laws as in the
Kalman filtering in the stochastic framework. Although
Kalman filter applies to various laws, distribution laws
of estimated sets, which have to be known for detection
purposes, cannot be deduced from computed expecta-
tions and variances. Indeed, if the Gaussian distribu-
tions remain Gaussian for addition, they no longer are
for multiplication. As far as the laws of uniform distribu-
tion are concerned, these are already not stable for addi-
tion. Otherwise put, if the Gaussian stochastic variables
are particularly suitable for the representation of addi-
tive structures of uncertainties, Gaussian distributions
are unsuitable for multiplicative uncertainties. In order
to tackle models containing uncertainties by a bounding
approach, the concept of membership value set is intro-
duced, given as M( ), by analogy with the stochastic
variables. If X is a bounded variable, in other words, if it
is only known by the set to which it belongs, then this set
will be given as M(X). The notation  should designate
a particular realization of X; nevertheless, for the sake of
simplicity, the notation of a realization x will be merged
with that of the bounded variable X itself. Henceforth,
z will designate, alternately, the bounded variable and
one of its realizations, and M (x) will designate the mem-
bership value set of the bounded variable. State space
models containing multiplicative and additive uncertain
parameters are studied in this paper. It should be noted
that by uncertain it is meant that uncertain parame-
ters correspond to time varying variables, of which only
the bounds are known. Even if it contains less informa-
tion than stochastic approaches, the set-membership ap-
proach in fault detection has wider application and pro-
vides exactly the required information in describing the
set of all the possible behaviours by its bounds only. The
question to be answered is indeed: are the observations
consistent with one of the possible behaviours or not?

After stating the problem in section 2, section 3 proposes
an algorithm to compute uncertain parity relations and
section 4 shows how to use uncertain parity relations to
compute detection decisions in the form of a set of in-
equalities to be satisfied. Finally, section 5 presents an

application example. It points out that uncertain parity
relations may lead to more precise decisions than deter-
ministic parity relations in reducing misdetections.

2 Problem statement

When considering uncertainties, it is necessary to distin-
guish between two kinds of variables: unknown physical
variables and known values such as measured or con-
trolled values, which are topped by a ”™”. For instance,
the following relation can represent the behaviour of a
sensor: § = (1 + v)y where v represents an uncertain
parameter, y the physical variable and ¢ the measured
value of y. For the sake of simplicity, uncertainties will be
represented by normalized independent bounded vari-
ables, of which the membership value set is equal to [-
1,1]. For instance, a parameter v whose value belongs to
[2,6], will be written v = 4 4 20 where 0 is a normalized
uncertain variable: M(6) = [—1,1].

Consider the following general uncertain linear state
space model, function of ¢; + go uncertain bounded
variables:

(1)

S &

dr = A(W,0)x + B(0,0)i
gy =C

9,0)z + D(9,0)

where (9,0)/]|[97,0()"]" ||« < 1, 2 € R, j € R,
€ R™ Y e R () € R2 and @ = u(t), x = z(t),
y=y(0),0=0(r).

Contrary to uncertain variables in 6, uncertain variables
gathered in ¥ are partially known but invariant. Because
parity relations induce finite time horizons, it is quite
usual to consider that some bounded variables are time-
invariant over the considered horizon.

Assuming that @ and 6 do not vary over a sampling pe-
riod [kTe, (k 4+ 1)T¢], a discrete-time model, where ma-
trices have been linearized with respect to uncertaln vari-
ables, can be found (see Appendix):
{l'k+1 = Apzy + Byl @)
Yk = Crxy + Dy

with x, = z(kT.), Uk
0(kT) and

= g(kT.), ar = a(kT.), O =

Ap = Ao+ 300 Ai x
By = By+ Y./, B; X
Ce= Co+ 3L, Ci x
Dy = Do+ {1, D

(9)i + 2221 Ag+i X (Ok)s
(9)i + 2221 Bgyvi X (0k)i
(9)i + 22121 Cayti X (Ok)s
X (0)i + 22721 Dy, i X (01)s

Remark 1 The bounded variables 0, are considered
as independent time-varying variables. Consequently,



at two different times k1 and ko, the same uncertain
variable (0y);, standing for the i'" component of 0y, is
represented by two independent bounded variables (6, );
and (0k,); whose membership value sets are identical:

M((Or,)i) = M((Or,):)-

Residuals generators are usually based on state ob-
servers. However, in a set-membership context, except
for some particular cases, the recurrence leads to replace
state space value sets by simpler outer value sets, such
as boxes or ellipsoids, that yields some over-estimations.
Propagating these approximations induces an accumu-
lation of errors leading to an explosion of computed sets,
usually called wrapping effect [2,3]. Checking on a finite
horizon, such as parity relations do, avoids this drawback
because integration over an long time window is not re-
quired. Then, the detection problem amounts to check if
a set of known values {@y, ..., Ukth—1, ks« - Uk-+th—1}
over an horizon h € N* is consistent with model (2).

Considering model (2) and stacking relationships be-
tween known values over a time horizon hT, such as in
most of parity relation design approaches [4], the follow-
ing relationship arises:

gk’ Uk
gk+l ﬁkH
0= . — On(vi)xr — Tn(vg) i (3)
gk—‘rh—l ’l]k.._h_l
with:
9 09
O DZ’I
v = . , On(vg) = _
Oktrn—1 Dz’h_l
Dy 0 .0
O} By, D1y
Tp(vg) = k *
: 0
Dllﬁ"hilBk Di’hilBkJrl voo Diin

i=j, O =9} =Cry
» @1+ haa}, M((vr);) = [=1,1]

Diyj — {] > i7 D;J = Ck+jAk+j_1 . Ak:+i
yo=

Viedl,...

The detection problem amounts to determining whether
there exists (zx, vx) satisfying (3) . The result depends

on the determination of a relevant horizon h. If this hori-
zon is too small, problem may admit a solution even if
there are faults. If the horizon is too large, the amount
of computations will increase without any benefits. The
right determination of h is a key issue.

Definition 2 An uncertain system defined by (2) is
called reqularly observable if, for all h € NT, the rank
of its observable subspaces Oy (v) is independent of the
uncertainties.

Assuming the system (2) is regularly observable, the
method provided by the deterministic theory [9] may be
used to determine the horizon h. For the sake of simplic-
ity, only full row rank matrices Cy from (2) are consid-
ered ! i.e. there are as many parity relations as number
of measurements [9]. Under this assumption, system (2)
satisfies:

Ih/rank(Q(vg)) > p (4)

The dimension of Q(vy) is assumed to be equal to p. If
more parity relations are obtained, only p of them have
to be considered.

3 Computing uncertain parity relations

Uncertain model (3) contains three kinds of information:
deterministic parameters, partially known parameters,
which are modeled by bounded variables, and unknown
state vector x. Contrary to known and partially known
parameters, unknown data cannot be managed. There-
fore, this section shows how to cancel unknown state
vector with a suitable projection.

If condition (4) is satisfied, it is possible to calculate a
projection matrix Q(vy) satisfying:

Vi /||vklloo < 1, Q(vr)Op(v) =0 (5)

The best choice for horizon corresponds to the smallest
h satisfying (4) and (5). Equation (3) can be projected
with respect to Q(vg) in order to cancel unknown vari-
ables gathered in zy:

Uk U,
Yk+1 Uk41
0= Q(vg) — Q(vg)p (vr) . (6)
Uk+h—1 Ukt h—1

A solution Q(vg) solving (5) can be numerically com-
puted as detailed below.

! Model reductions may be required in order to get a non
redundant matrix



Following definitions assume that 6 is a s-dimensional
vector of uncertain normalized variables such as 6 =
[(0); ... ()]" and that V is a vector of (N*)* such as

V=[(V)1 ... (V)]

Definition 3 The power-product Oy is defined by:
o) = (0)7" ... ()7

Definition 4 The order of a power-product 0[] is de-
Jined by: p(Orv1) = 371 (V)i

Definition 5 An uncertain matriz M (6) is polynomial
if it can be decomposed as M (0) = > <\, My,10[v,,V C
(N*T)*, where My, are certain matrices. The set V is
given by function w(.): m(M(0)) = V.

Definition 6 The order of an uncertain polynomial ma-
triz: M(0) is equal to: p(M(6)) = (p(O9)))-

max
ven(M(8))

Because the matrices of the discrete-time state space
model (2) result from a linearization, any observability
matrix Op,(vg), defined over an horizon h, affine in the
uncertain variables, is an uncertain polynomial matrix
defined by:

IV C (NH)#He /0, (vr) = D O vk (7)
2%

where O[y,] are certain matrices such that dim(Op(vy)) =
dim(O[vi] )

Matrix Q(vg) can be chosen as an uncertain polynomial
matrix:

Q(’Uk) = Z Q[wi]vk[wi},w C (N+)q1+hqz (8)
w; EW

where (2|,] are certain matrices such that dim/(Q(vy)) =
dZ'Tn(Q[wi] )

Proposition 7 When certain matrices Q[ and Oy,
satisfy respectively (7) and (8), condition (5) becomes:

Vo € (N-O-)(Il-‘rhfm7 Z
(Vi,w;)EY o (Or(vi))

Q,10pv,) =0

Yo (On(vr)) = {

Vit wj =0

PROOF. According to (7) and (8), constraint (5) may
be reformulated as:

Vor/||velleo <1,

2. 2

wj€m((vk)) ViE€T(On(vy))

Q1,109 Vk[9,+;] = 0

(Vi ;) € (7(On(vr)) x (NF)nthaz) /

Because each power-product V;+w; cannot be cancelled
by another, the sum of all terms containing vk[v, 4 w,]
has to be equal to 0 whatever the value of vy is in its
value set. From this result arises the proposition 7.

Remark 8 For a given vector o, it is easy to compute
the set Yo (On(vg)). It corresponds to {(V;,w;)/w; =
o—V;,V; € ’/T(Oh(’l}k)), (’Wj)l > O}

Searching for Q(vy) satisfying (5) is done iteratively by
increasing the order r = p(Q(vg)) of the sought solution.
This order is initially set to » = 0. Then, for order r,
the power-products appearing in Q(vg ) O, (v ) are listed.
The set of all vectors o that has to be considered at order
r + p(Or(vy)) is given by:

—=q1+hq2 N { o€ (N-"—)QI—HLQZ/ s }
“r4+p(Op(vk)) :
+p(On (vr)) SR (6), < p(On(uy))
(10)

Remark 9 The set Egﬁ)’(lgh(vk)) can be easily computed

by developing level by level a search tree where nodes are
vectors w; and each edge corresponds to an uncertain
variable of which the exponent is incremented. The size
of the tree is equal to (q1 + hqa)".

Therefore, at order 7, a solution matrix Q(vy), satisfying
(9), is sought 2 only when o € E&+h42 According to
(4), if the number of solutions is inferior to p, the order
r is incremented by 1 and a new global solution Q(vy) is
sought for the new order 7.

Because membership value sets modeled by zonotopes 3
are sought, affine solutions for Q(vy) are required. Nev-
ertheless, terms of order 0 and 1 of the Mac Laurin se-
ries of Q(vy) solving equation (5) cannot be computed
without computing the complete solution Q(vy) i.e. the
complete Mac Laurin series.

Definition 10 A canonical vector €] is a sparse vector
of R® satisfying:

ifi=j
ifiFj

(ef); =1

Vie{l,...,s},we{1,...,3},{(68)4_0
/] T

When a solution matrix Q(vg) has been found, it has
to be linearized as much as matrix I'y (vg) i.e. only the
power-products of which maximum order is lower than
2, are kept. Denoting Qo = Qg g7, i = Q[egﬁh@] and

+h
p(vk) = To 4+ 207" (I x (vg)i) 4+ o(v] vg) where
2 For instance, the constraints can be gathered into a large

matrix of which kernel is computed, see example in section 5
3 A zonotope is a linear transformation of a box



(vg); stands for the i*" element of vector vy, the exact
parity relation (6) is linearized:

Yk
q1+hqz -~
Yk+1
0= <Qo + Z Q; x (Uk)i> . .. (11)
i=1 :
Yk+h—1
U,
q1+hqz Upy1
—(Q()FO + Z (Q’LFO + Q()Fl) X (Uk)z)
=1
Ukth—1
R o(v,jvk.)

4 Using uncertain parity relations

Parity relations affine in the uncertainties have been ob-
tained in (11). The way of checking these parity relations
has now to be presented. A method used for static un-
certain system presented in [14] has been adapted. Re-
lation (11) can be reformulated in collecting uncertain
variables:

0= Ni + Mpuy —|—O(UkTUk) (12)
Uk U,
Ny = Qo — QT
Yk+h—1 Ukt h—1
My =...
Uk Uy,
Uk+h—1 Ugth—1

where only column corresponding to (vg); is detailed in
M.

The general principle for testing the behavior of (2) is to
check whether the origin of the coordinate axes belongs
to the zonotope (12) (see [22]):

{0} € M(Ny, + Myvy,) (13)

Let us posit zp = Ni + Myv,. The first step of the
algorithm consists in checking if {0} belongs to the axis-
align outer-bounding orthotope M5 (zx) , which has the
advantage of requiring fewer computations than required
for testing (13). It is enough to look separately for the

bounds of each variable (z2;); and then testing whether

{0} € M((zx)0)-

The domain M((zx);) may also be written M (eﬁ7T (Myvg+
Ni)) where ef is a canonical vector. Because M(wTv) =
[—||w|l1, [|w]]1], where w is a vector of real values and v a
normalized vector of uncertainties. Because z; belongs
to M5 (2;), it satisfies:

Vi€ {L,...,n}[(an)i — e TNl < lef T Ml (14)

Nevertheless, except if zj, is scalar or if {0} ¢ M"(z),
working on M5 (z;,) is less accurate than working on
M(z1). The membership domain M(zy) is a zonotope
[20,22] centred on Ny, in other words, a convex do-
main delimited by couples of parallel hyperplanes. Let
us firstly posit z;, = 2z — Ni and calculate M(z},) cen-
tred on the origin instead of M(z;). By its very nature, a
zonotope is the intersection of strip constraints S;, writ-
ten in a general manner: S;(z},) = {z,/|a; 2| < Bi, i €
RP, 3; € RT}. This strip constraint can be reformulated
as a function of z:

zk) — Bi + o Np < o 21 < Bi + o] Ny,

Si(Zk):{aieRp,ﬂiERJr }

(15)
where a; defines the direction of hyperplanes and (3; the
width of the strip. The computation of these values is
explained bellow.

Checking (13) can be done by decomposing M(z) into
strip constraints: M(zx) = [Si(zx). Taking into ac-

count (15), test (13) becomes:

/i\({()} € Si(z) & Q(fﬂi +af N, <0< B + o] Ny)

(16)
If condition (16) is not satisfied, a fault is detected.

Definition 11 A directional matriz is a matriz com-
posed of canonical vectors e: [ef ... e5 |. The set of
q

all (s x q)-dimensional directional matrix is denoted & .

The membership value set Mz ) can be seen as an affine
transformation of a normalized orthotope aligned with
coordinate axes of R 1% into a zonotope of RP. There-
fore, (p — 1)-dimensional facets delimiting the zonotope
correspond to transformation of some axes aligned hy-
perplanes of R%+"42 All the axis aligned hyperplanes
are generated by directional matrices E € ng{h”. Con-
sequently, the facets of the zonotope are generated by:

E(My) = {E € 1% frank(MyE) =p— 1} (17)



q1 + hqo

At most, there are
p—1

> strip constraints and

two times more facets.

Proposition 12 All the strip constraints S;(zy) are de-
fined by vectors «; and scalars (3; satisfying:

POML) = { (0s, ;) € (R? X R) / }

Ck;erE = 0,,6’1 = HO[I]kaHhE c g(]ka)
(18)

PROOF. If S;(z1) is a strip constraint, all the vectors
belonging to a facet generated by My E, VE € £(My),
defined in (17), are perpendicular to the vector «;. It
yields that o, M E = 0 if E € E£(M). Moreover, the
zonotope M(zy) corresponds to the values zj satisfying
all the strip constraints. Therefore, z, = Myvi, + Ny has
to satisfy (15). Introducing the expression of z; into (15)
leads to —3; < o Myvy < B;. Because M(o] Myvy) =
[=lle Myl llf Mi|1], it yields B; = [la] My|:.

To summarize, testing (13) is achieved by checking strip
constraints (16) defined by (18) with (17). If test fails, it
proves that there is a fault. If all the tests have succeeded,
the behaviour of system (2) is not suspected.

Let us take the example of a domain z = Mwv defined by
the following matrix M:

2 -1 -1

11 0

In this case, pis equal to 2 and dim(v) = 3. All the (p—1)
groups of canonical vectors, i.e. all the canonical vectors
e3, have to be considered in order to find the facets:

M =

The parameters of the strips constraints can be deduced
from (18):

af =1 -2],01 =4
Oz%r: [1 1},ﬁ2 =4
ag = [0 1], 05 =2

" M(z)

=] -3 2 -1 o 1 2 3 4

Fig. 1. Resulting membership domain of the example

The strips constraints can be deduced from (15):

S1(z) = {z/Il1 —2]z| < 4}
Sa(z) = {2/I1 1]z| <4}
Ss3(2) = {z/[[0 1]z| <2}

Figure 1 illustrates the resulting membership domain

The dichotomous results of test (13) may appear some-
what poor. In addition to test (13), it is possible to eval-
uate the distance separating the origin of the coordinate
axes to the closest facet of M(zy) instead of just testing
(13). In this way, a Boolean decision is combined with
a distance to the opposite decision. Instead of directly
using the distance from the origin to the closest facet,
it seemed more apposite to assess the quotient between
this distance and the distance separating the centre of
the zonotope and the closest facet to origin. The advan-
tage of this quotient is that it normalizes the result: a
distance of 1 when no fault is detected means that the
centre of the zonotope corresponds to the origin of the
coordinate axes, whereas when a fault is detected, the
value 1 means that the origin of the coordinate axes is as
far from the closest facet as the centre of the zonotope
is from this facet. Moreover, the more this normalized
distance tends to zero, the closer the origin of the coor-
dinate axes gets to a facet, in other words, the smaller
the distance to the opposite decisions is. In [14], it has
been shown that this normalized distance is given by:

min(|a,. Ny — By

. , (19)

1 = ar mwn
g <(a1,5i>eP(Mk) <aiTNk

The different variables appearing in (19) are drawn in
figure 2.

)

d:




Fig. 2. Principle of distance computation

5 Example

This example is based on a real lab application. It is
composed of two identical stacked water tanks, with a
section equal to S. The upper tank, corresponding to
index 1, fills the lower tank with index 2. The external
input flows, controlled by Kammer valves, are denoted
by ¢;, and ¢;,. The output flows are ¢,, and ¢,,. ¢o,
flows into the lower tank. The water levels are [; and [5.
Each tank output flow ¢,, is proportional (parameter
«) to the water level [;. A detailed model of the normal
behaviour of this application has been presented in [15].
A state space representation of the water tank system is

given by:
[(1+/)v1) 0 ] [11}
1+pv; —(1+pve) | | Lo
11107 | ¢
S10 1] | b,
-La) [
l2 €2
where S = 7.1072m?2, a = 7.107%m?2s7!, p = 60%,
A = 4mm and vy, ve, €1, €2 are time-varying uncertain
normalized variables. Variables v; and vs model the un-
certainties in the output restriction due to the formation
of air bubbles. Actual parameter « varies up from +60%
of its nominal values. Variables €; and e stand for mea-
surement noises that can get up to =4mm. Thanks to
the formulae given in [1], this state space model has been

transformed into a discrete-time model with a 1 second
sample time:

e
| — |
—~ o~
[\v] -
_ 1

[95])

s !

1,k+1] = (Ao + Ajv1 i + Asvag) [ Lk}

L l2,k+1 P
¢i1,k:|

...+ (Bo+ Bivi g + Bavag) Lﬁ_ .
12,k

l:lk] _ |:l1,k]+)\[€1,k]
Ll lo €.k

(20)

with
~ 109048 0 A — —0.0905p 0
0.0905 0.9048 |’ ! 0.086p 0

Ay =

0 0 13.5947 0
» Do =
—0.0045p —0.0905p 0.6684 13.5947
0.6684p 0 0 0
B, = By =
0.6463p 0 —0.0221p —0.6684p

Simulations last 1400s. Figure 3 represents the values
that have been used for bounded variables vy , Vo, €1,k

and €3 , . External input flows have been drawn on figure
4.

0 200 400 600 800 1000 1200 1400
time in sec.

N

|

— Gt
.-l

0 200 400 600 800 1000 1200 1400
time in sec

Fig. 3. Variations of uncertain variables
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X107

T
— upper tank
ees lOVETTANK

0 200 400 800 300 1000 1200 1400
time in sec.

Fig. 4. External input water flows in m®s™*

haviour)

(normal be-

In simulations, a leak in the upper tank, starting at 600s,
has been simulated. It has been modelled by an addi-
tional output flow in the upper tank, which does not flow
into the lower tank (see figure 5).

The simulated water levels when normal behaviour and
when the leak occurs, are represented in figure 6.

In order to appreciate the interest of the set-membership
approach, the deterministic parity relation approach,
presented in (Massoumnia and Van Der Velde, 1988), has
been firstly applied. Only the deterministic part of (20)
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Fig. 5. Leak in m®.s~
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In spite of deterministic approach neglects uncertainties
in models, thresholds have to be fixed a posteriori and
experimentally because instead of residuals to be null,
they are only “almost null”. In the presented example,
the thresholds have been fixed at +0.015 (imposed by
time 300s.) for the first residuals and at £0.017 (imposed
by time 330s.) for the second one according to normal
behavior simulation. Thresholds correspond to the lower
and upper limits of the plots. Figure 7 shows that the
leak is not detected with this approach.

wwater level in lower tank inm,

o 200 00 oo 200 1000 1200 1400
time insec.

Fig. 6. Water levels in the 2 tanks (normal behaviour and
leak)

is considered: uncertain variables are neglected. Outputs
are stacked over an horizon of 2 in order to be able to
cancel the unknown variables and to generate as many
parity relations as the number of outputs:

Qgil,k? ‘|

Pis ke

l Uk 1 B
Ukt1

A matrix Qg is chosen so that it cancels term in zj. The
expression of residuals comes directly from this cancel-
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lation:
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The numerical result is given by:
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Fig. 7. Detection results of deterministic parity relations

Let’s now design uncertain parity relations. According to
the method depicted in section 3, the horizon A remains
the same as the horizon required for the deterministic
approach (h = 2) because the system is regularly ob-
servable. The matrix Oa(v1 x,v2k), Obtained from the
discrete-time state space model (20), is indeed regular
in the uncertainties because its rank remains the same
whatever the values of bounded variables are:

02(U17/€,U27k) = ...

1 0
0 1
0.9048 — 0.0543vy i, 0

0.0905 4+ 0.0516v1  — 0.0027v3 1 0.9048 — 0.0543v2 i

Then, the matrix Q(vq i, ve) cancelling Oz (v k, V2 k)
is obtained thanks to algorithm proposed in section 3,
except for Q,, which is the same as the matrix  com-
puted in the deterministic approach:

Q11 Q12 QIS Q14

Q(Ul,k7U2,k) =
Qa1 Qg Qo3 oy




Q11 = —0.0151 + 0.04290; 4, — 0.00205 1
ng = 0.667 — 0.04U27k

Q13 =0.0904, Q44 = —0.7371

Qg1 = —0.6713 + 0.037v; 1, + 0.0002v4 4
Qoo = —0.0527 + 0.0032v3 i,

Qo3 = 0.7361, Q24 = 0.0583

Because Q(v1 k, V2 1) is already afline with respect to the
uncertainties, it leads directly to the following uncertain
parity relation, where uncertain variables have been col-

lected:
U1,k
V2 k
€1,k

lo.oom —0.0027 —0.0004 0.0029 ] €.k

Ry
Ry

Ui Urz

Tk+1 =
Uz1 U

0.0027 0.0002 —0.0029 —0.0002 | | €1 441
€2 k+2
Ry = —0.015l1 j, + 0.667l5 ), + 0.0901 141
e = 0.737lg ks 1 — 073626, 1, + 10.0216,
Ry = —0.67101 1 — 0.053ly,% + 0.7360} 11

o 4 0.058l5 411 — 10.046¢, 1 — 0.792i, 1
Uy = 0.0430 4 0.32264, 1

Ui = 0.037l1 1 + 0.273¢;, 1

At each sample time, this final numerical expression is
recomputed taking into account the updated known data
about water levels and input flows. Then, the consistency
with the model is checked by computing and testing the
constraints (16).

Finally, the distance (19) is computed at each sample
time. As an illustration, considered sample 200. The fol-
lowing strip constraints depicting M (ro00) have been
found:

S1:—0.0218 < 0.65227¢ ;, — 0.7580r2 ,, < 0.0113
S+ —0.0210 < —0.0788r1 1, — 0.9969r3 1, < 0.0089
Sz —0.0287 < 0.9997r ), — 0.0225r2 1, < 0.0266
Sy + —0.0210 < —0.0788r1 1, — 0.9969r3 1, < 0.0089
S5+ —0.0284 < 0.992571 ), — 0.121975 5, < 0.0251

The membership domain has been drawn in figure 8. Be-
cause origin belongs to the membership domain, there is
no alarm at this time. The distance is equal to 0.5928: it
is far from the closest border i.e. far from alarm thresh-
olds.

Uiy = —0.0021 1, — 0.04l5 . — 0.0098¢;, 1 — 0.2966;, 1

Uy = 0.00021; 1 + 0.003l, 1, + 0.00086;, 1 + 0.0234¢;, 1
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Fig. 8. Membership value set of residuals at sample 200

In order to summarize results with only one curve, these
two results have been combined into an unique indicator,
which corresponds to the distance to the closest facet
multiplied by 1 in case of alarm and by -1 elsewhere*.
It is drawn on figure 9. When the closest facet proximity
exceeds 0, it means that a fault has been detected.
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Fig. 9. Detection indicators based on uncertain parity rela-
tions

Figure 9 shows the detection results of the uncertain
parity relation when a leak is simulated from time 600s.
The leak is detected from sample 620 to 820 and from
1020 to 1400 whereas it is not detected with determin-
istic parity relations (figure 7).

6 Conclusion

Uncertain parity relations are an interesting alternative
to the state-estimation approaches that require integra-
tion with respect to the time and therefore set the prob-
lem of wrapping effect, which is often solved by degrad-
ing the guarantee property. The proposed parity relation
design method apply to any uncertain linear system as-
suming that it is regularly observable. Uncertain parity
relations are powerful tools to handle uncertain dynamic
systems where multiplicative uncertainties are predom-
inant. The deterministic approach becomes indeed im-
precise because the a posteriori thresholds offsetting the
neglected uncertain part of the deterministic model be-
comes not conservative enough. Although the uncertain

4 Because on one hand a distance is positive and on the

other hand the value set membership is Boolean, distance
and membership can be merged without loss of information.



parity relations require some approximation due to lin-
earizations, they require very little computation times:
this approach comes down computing and checking lin-
ear inequalities at each sample time. Uncertain parity
relation not only provides boolean detection result, but
it also provides an indicator representing the distance to
the opposite decision. The approximations required by
the design of uncertain parity relations, can be offset by
an a posteriori retuning of the additive uncertain vari-
ables. The 2 water tanks application example has shown
that, in some situations, uncertain parity relations lead
to more precise decisions than deterministic parity rela-
tions.
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