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Abstract: Recognizing that diagnosis relies on consistency tests based on 

measurements and models, set-membership methods are a promising approach to fault 

detection because they take into account a priori knowledge of model uncertainties and 

measurement errors. In the set-membership approach, every uncertain model parameter and/or 

measurement is represented by a bounded variable. In this paper, detection consists of 

verifying the membership of measurements to an interval. The computation of a differential 

equation solution with interval parameters is not feasible in the general case. Thus, first order 

discrete time models are used and the expression of their output is explicitly computed with 
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interval arithmetic. As the models that are used are very simple, a careful diagnostic strategy 

has to be designed in order to carry out the fault diagnosis of complex processes. The 

proposed strategy relies on a causal analysis and the exoneration principle, which allows 

focusing the consistency tests on simple local models. The proposed strategy consists of two 

steps: the first involves performing minimal tests found with the causal graph and the second 

determines on line additional relevant tests that reduce the final diagnosis. The local 

procedure for fault detection and diagnosis consists then in modelling the uncertainties, 

generating the output envelopes and testing their consistency with measurements. An 

application for a nuclear process is used in order to illustrate the method’s efficiency. 

 

Keywords: fault detection and isolation, diagnosis, causal reasoning, consistency test, 

set membership approach, uncertainty modelling. 

1 Introduction 

Fault diagnosis is a very active research area and many different methods have been 

proposed to deal with this problem. A diagnosis generally consists of a minimal set of 

components whose behaviour cannot be normal, knowing the observed actual behaviour of 

the plant to diagnose and the reference behavioural model. To link the structural model 

(components) to the behaviour, model-based diagnosis uses models that can describe the 

normal or abnormal operation of the system (Poole, 1989). Solving a diagnostic problem is 

usually divided into two steps: detection or symptom generation and isolation or diagnostic 

reasoning (Isermann, 1997).  

Any detection procedure is a consistency test that checks whether the actual system 

behaviour, identified by known physical variables, is consistent with mathematical relations 

obtained from its model. More precisely, detection consists of deciding that a fault indicator, 

computed with a specific model or sub-model and observations, defines a fault symptom, 
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which is a Boolean quantity. In the classical approach, the decision amounts to choosing 

whether the fault indicator, or residual, is almost null, in which case the symptom is zero. 

Using deterministic models, it is often difficult to differentiate between an inconsistency due 

to a real fault in the system or an inconsistency owing to normal imprecision (i.e. due to 

measurement noise or model inaccuracy). To overcome this difficulty, the work presented in 

this paper uses set membership calculus which takes into account a priori knowledge of 

modelling uncertainties. The second section of this paper presents uncertainty modelling with 

set-membership approaches. The proposed detection method is introduced and how it is 

situated with respect to previous works is presented. 

Isolation, the second step of diagnosis, generally relies on a logical reasoning on 

symptoms, a simple example of which are signature tables. Isolation raises problems in 

practice if the system to be diagnosed is very complex. Many methods, which work well for a 

model with two or three variables, are ineffective in this situation. Causal modelling enables 

the decomposition of a large model into elementary directed relations between variables. 

Therefore, causal reasoning using causal models is an effective tool for the analysis and 

understanding of complex systems. Furthermore, the causal reasoning mechanism has implicit 

explanatory properties that are essential when diagnosis is envisaged as a human operator 

support system (Evsukoff, et al., 2000). Causal reasoning based diagnosis is presented in 

section 3 of this paper. However, a more refined diagnostic strategy is introduced, one which 

fundamentally relies on a causal model but enables the dynamic definition of the relevant 

consistency tests.  

 The contribution of this paper is an explanation of how to use causal reasoning to 

make local consistency tests that are based on a set-membership technique, thereby making 

diagnosis for complex processes very efficient. Section four applies this methodology to a 

nuclear waste treatment plant thus illustrating the feasibility of the proposed approach.  
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2 Uncertainty modelling for the purpose of diagnosis 

2.1 Prior developments 

Since the work of Schweppe (1973), many studies formulating identification problems 

within a membership context have appeared (Walter and Piet-Lahanier, 1987; Norton, 1987; 

Clément and Gentil, 1988). Instead of representing the uncertainties with Gaussian stochastic 

variables, these approaches, known as bounding approaches or set-membership approaches, 

represent the uncertainties by a set of possible values for which only the bounds are known. 

These works have been compiled into a single volume providing the main results (Milanese, 

et al., 1996). More recently, researchers have focused their efforts on modelling uncertainties 

in fault detection with bounded sets. (Horak and Allison, 1990) was the first scientist to 

propose a method to estimate the envelopes of uncertain systems, which was based on the 

Pontryagin principle. His work was followed by studies dealing with detection algorithms 

based on set-membership approaches (Chang et al., 1995) (Ragot et al., 1997). (Ploix, 1998), 

(Armengol et al., 1999) used interval calculus in fault detection of uncertain systems for the 

first time. 

Since 2000, several works have emerged on this topic. Set-membership approaches 

based on parity relations have been proposed in Adrot et al. (1999), on the Hansen algorithm 

in Armengol et al (2001) and on the worst-case simulation in Puig et al. (2002). However, 

these approaches require lots of computations at each sampling time, and as such are 

generally incompatible with complex dynamic systems, due to real-time time constraints. 

(Ploix et al, 2000) adopted for single output models an approach based on the generation of 

the exact envelopes of the output. If the membership of the output measurement to this 

envelope is not verified, the consistency test fails which clearly reveals that the actual 

behaviour is inconsistent with the model. The drawback of this approach is that it is restricted 

to a simple single output model; however, it has the important advantage of requiring very 
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few computations at each sampling time. Because causal modelling leads to simple MISO 

(Multiple-Input Single-Output) models, this method is particularly relevant to causal 

modelling of complex systems with many measured variables.  

2.2 Mathematical foundations 

A system containing uncertainties described by a set of bounded variables has an 

output described by a domain, which includes all possible normal behaviours. A comparison 

outlining the features of certain and uncertain system behaviour is made in Table 1. 

The symbol x represents a bounded variable; in other words, it is only known by the 

space to which it belongs. In order to tackle models containing uncertainties by a membership 

approach, it is also necessary to introduce the concept of membership space, denoted as M(x). 

If f(x) is a continuous and derivable function of vector x containing bounded variables, then 

the membership space of this function is determined by:  

( )( ) ( )(
( ) ( )

( ( )) inf , sup
x x x x

)f x f x f
∈ ∈

=  M M
M x 

       (1) 

Extensions of f(x), i.e. the function leading to intervals containing the image of the 

function f(x), can be computed using the interval arithmetic (Moore, 1979). If the function f(x) 

is arithmetic, i.e. only composed of arithmetic operators (+, -, x, /), and has monotonic 

properties, the membership space M(f(x)), also called minimal extension, is equal to the exact 

image of f(x) that may be calculated thanks to the following properties. 

Let  

• ,  and  be three bounded independent variables 

satisfying

1υ 2υ θ

[ ]1 2( ) ( ) 1 1υ = υ = −M M , ( )  θ = θ θ M
� �

, 

• , λ1λ 2  be two deterministic variables 1 2,λ λ ∈ℜ , 

• be a function; 1( , )f θ υ
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then the following properties may be easily proven:  

if  ∀θ∈ θ θ 
� �

, [ ]1 1 1∈ −∀υ , ( )1,
0

f∂ θ υ
≥

∂θ
 then : 

•    (2) ( )( )
( )

( )( )
( )

( )(
1 1 1 1

1 1, inf , , sup ,f f f
υ ∈ υ υ ∈ υ

 
θ υ = θ υ θ υ 

 
M

� �
� �

)1

• ( )1 2 2 1 2 1 2,λ + λ υ = λ − λ λ + λ M        (3) 

• ( )1 1 2 2 1 2 1 2,λ υ + λ υ = − λ − λ λ + λ M       (4) 

Only continuous and derivable arithmetic functions whose image can be exactly 

calculated thanks to these rules, will be considered in this paper. They will be called simple 

arithmetic functions. 

When considering uncertainties, it is necessary to distinguish between two kinds of 

variables: physical unknown variables (y), measured variables ( ) and the relation between 

them  where θ  represents an uncertain parameter. 

y�

(1 )y y= + θ�

From a practical point of view, for modelling uncertainties, independent bounded 

variables centred on 0 are used. In order to obtain the simple properties in (2) (3) and (4), 

uncertainties have to be normalized. For instance, a parameter θ whose value belongs to [2,6], 

will be written θ = 4+2υ where υ is a normalized uncertain variable: M(υ)=[-1 1]. According 

to these notations, a sensor may be represented by: 

[ ](1 ) ; 0; 1 1y y= +ρν ρ ≥ υ∈ −�       (5) 

Consider the following ordinary differential equation ( ), ,y f y u= υ� �  where u  is a 

vector of measured variables, y is the vector of variables to be calculated, υ is a vector of 

bounded variables satisfying ||υ||∞ = 1 and 

�

( ), ,f y u υ�  is a simple arithmetic function. At 

time t, y(t) belongs to the membership space M(y(t)). The set of all possible values of y at time 
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t+ε, M(y(t+ε)) has to be evaluated from M(y(t)) at time t. If ε is small enough, M(y(t+ε)) can 

be approximated by: 

( ( )) ( ( ) ( ( ), ( ), ( )))y t y t f y t u t t+ ε = + ε υM M �      (6) 

The right-hand expression of (6) is not equal to: 

( ( )) ( ( ( ), ( ), ( )))y t f y t u t t+ ε υM �M       (7) 

Since both terms ( ( )), ( ( ( ), ( ), ( ))))y t f y t u t tυ�M M  are correlated due to the presence of 

vector y(t) in both terms, it means that it is not possible to evaluate the set M(y(t+ε)) from the 

knowledge of M(y(t)) and from the membership space ( ) ( ) ( )( )( ), ,f y t u t tυ�M , which comes 

from the ordinary differential equation. The set M(y(t+ε)) can only be calculated from the 

expression y(t+ε). This problem may be by-passed when uncertainties are only located on the 

initial states or on the inputs, including additive uncertainties (Schweppe, 1973; Deville et al., 

1998; Jaulin, 2002). However, in the case of parameter uncertainties, this fundamental issue 

remains. 

A way of solving this issue is to work with discrete-time models, which is presented in 

the rest of the paper. To explain uncertainty modelling in this case, the membership space of a 

first order differential equation output is chosen as an example. Parameter uncertainties on the 

gain ρk and on the time constant ρτ, correspond to equation (8): 

 
( )

( )
( )
11

1 1
k k kdy y

dt τ τ τ τ

+ ρ υ
= − +

+ρ υ τ +ρ υ τ
u      (8) 

where ρτ≥0, ρk≥0 and M(υτ)= M(υk)= [-1 1]. 

Furthermore, measurement noises have to be modelled. Equation (8) is thus completed 

by: 

u uu u= +ρ υ� and        (9) y yy y= +ρ υ�
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where ρu≥0, ρy≥0 and M(υu) = M(υy) = [-1 1]. 

Figure 1 illustrates the step response of this system, taking into account different types 

of uncertainties. The membership space for the cases considered is bounded by the two curves 

that frame the step response simulated without uncertainties.  

Assuming that uncertain variables do not vary during a sampling time, a discrete time 

model can be evaluated from the differential equation (8). If u is the output of a zero order 

hold, model (8 and 9) yields: 

( ) ( ) ( ) ( ) ( )1 1
1 1 1 1 1

e eT T

k k k k k k k

k k y y

y e y k e u k e

y y

τ τ τ τ τ τ
− −

+ρ υ τ +ρ υ τ +ρ υ τ
+

    
    = + +ρ υ − − +ρ υ −        


= +ρ υ

�

�

(10) 
1

eT

u u

−

ρ υ

y

 In order to get an arithmetic function for yk+1, (10) will be linearized by assuming that 

parameter uncertainties (ρ ρ ) are small enough for M(y, , ,k uτ ρ ρ k) to be represented ∀k by a 

first order Taylor expansion around υi=0 ∀i: 

1 1 1 1 1
e e e eT T T T

e e
k k k k k

T kTy e y k e e k e u k e
− − − −

ττ τ τ τ
+ τ τ τ

      ρ = + υ + − − ρ υ + − ρ υ − − ρ         τ τ        
�

eT

u u

−
τ υ

 (11) 

The following notations are used to compact the coefficients: 

N1 1 1
e e e e e e

k u

T T T T T T
e e

k k k k k k k k
a

a bb b e

T Ty e y k e u e y k e u k e u k e

τ τ

− − − − − −
τ ττ τ τ τ τ τ

+ τ

 
      ρ ρ

= + − + − υ + − ρ υ − − ρ      τ τ      
 

� � �
��	�
 ��	�
��	�
 ���	��
 ��	�


1 u uυ

 (12) 

Consider the transfer functions proposed in Table 2. For the transfer functions without 

a derivative element, the discrete-time model is given by: 

( ) ( )( ) ( )1 1k k k k k k u k

k k y y

y a a y b b b u u e
y y

+ τ τ τ τ + + = + υ + + υ + υ − + υ − υ
 = +ρ υ

� �
�

1 k    (13) 

If there is a derivative element, the discrete-time model is: 
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( ) ( )( ) ( )1 1k k k k k k u k

k k y y

y a a y b b b u u e
y y

+ τ τ τ τ + + = + υ + + υ + υ − + υ − υ
 = +ρ υ

� �
�

1 k    (14) 

Because these functions are both arithmetic and monotonic with respect to 

uncertainties (especially υτ), the membership space ( )kyM  is obtained by solving one of the 

two following simple systems using interval calculation laws (2), (3), (4).  

From (13): 

( ) [ ]

[ ]

( )

0 0 0

1 1

,

,
,

,

k k k k k k u
k k

k k k k k k u

k k y k y

y y y

ay bu a y b u b u e
y y

ay bu a y b u b u e

y y y

τ τ
+ +

τ τ

 =

  + − + − − =  

+ + + + +   
  = −ρ +ρ  

M

M

� �

� �� � �� �
� �� � �

� ��


   (15) 

and from (14): 

( ) [ ]

[ ]
( ) ( ) ( )
( ) ( ) ( )

( )

0 0 0

1 1 1
1 1

1 1 1

,

,
,

,

k k k k k k k k k u
k k

k k k k k k k k k u

k k y k y

y y y

ay b u u a y b u u b u u e
y y

ay b u u a y b u u b u u e

y y y

+ τ τ + +

+ +

+ τ τ + +

 =

  + − − + − − − −  =

+ − + + − + − +   


 = −ρ +ρ  

M

M

� �

� �� � � � � �� �
� �� � � � � �

� ��

 

 (16) 

Linearization, which is required to get simple arithmetic functions, leads to a loss of 

guarantee i.e. some measurement values may not belong to the interval , particularly if 

the uncertainties are important regarding the nominal parameters. This may lead to false 

detection. Nevertheless, in practical situations, this imprecision may be eliminated by re-

identifying the bounds of the uncertainties thanks to characterization algorithms (Ploix et al., 

1999). The linearized discrete-time models provide the model structure and initial bounds for 

the characterization of uncertainties. 

( kyM � )

)ky�

Using the previous results, the consistency test can be performed by verifying that: 

(ky ∈M�           (17) 
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If (17) is satisfied, the observations are consistent with the associated model. 

In this section, an interval based method estimating all the possible output values for 

simple models containing uncertainties has been introduced. This method requires very few 

computations and is thus particularly relevant to handle online processing. 

3 Diagnostic strategy 

The proposed diagnostic strategy relies on the integration of causal reasoning and 

exoneration principle in order to achieve the diagnosis of a complex process. In the 

subsequent sections, each concept will be discussed in turn, followed by the description of 

how these two concepts work together. 

3.1 Causal reasoning 

Causal reasoning has been defined in the framework of Artificial Intelligence. Causal 

reasoning is related to the analysis of system behaviour in terms of the cause-and-effect 

relationships between entities characteristic of its state. A causal structure is an abstract 

description of the influences some variables have on others. Applied to process supervision, it 

can be used to link variables or alarms (Trave and Gentil, 1999). Applying causal reasoning to 

diagnosis is a very intuitive process (Davis, 1983), for which an overview is provided within 

this section. 

One way to apply causal reasoning is by using knowledge of abnormal system 

behaviour for diagnosis. In this case, causes are component failures and effects are observable 

manifestations. Modelling involves relating each failure to its symptoms. The causal model of 

the process can then be expressed as a failure-symptom tree. Diagnosis consists of connecting 

the observed symptoms backwards to their possible causes. Alternatively, causal reasoning 

can be used for modelling normal system behaviour, as in the classical control theory 

diagnostic approaches. The normal system behaviour is therefore described by directed 

relationships between variables which symbolize functional relationships between them and 



  12 

thus x y→  means that the state of y (effect) depends on the state of x (cause). Diagnosis 

consists of checking each elementary causal relation consistency. 

Representing causal models can be done in many ways. Among them, a directed graph 

(digraph) is a structure very well adapted for computer use. Each node in the digraph 

represents a variable relevant to the objective of the model. Each entering arc represents a link 

between this variable and the variables directly influencing it (directly means not through the 

influence of another variable). Thus each variable is related to its known antecedents in the 

digraph. This structure provides a conceptual tool for reasoning about the way in which 

symptoms propagate within a plant and how they may be explained (Kramer and Palowitch, 

1987). 

A causal model has several advantages over classical numerical models. First, it is 

declarative, which means that it is independent of the algorithms using it whether they be a 

simulation, an explanation (Leyval, L., et al., 1994), a diagnosis or an action advice (Garcia-

Beltran, C., and Gentil, S., 2001). A causal model highlights the process structure that can be 

constructed incrementally (Garcia-Beltran et al., 2003). Any physical modification in the 

process results in a local change in the causal model, and the change can be effected by 

simply introducing or deleting some nodes and/or arcs without any modification to the other 

parts of the graph.  

Second, a causal model is adapted to various modelling possibilities. An arc can 

represent the simple fact that a relation between two variables exists. Signs can label the 

directed arcs if the input and output signal trend relations are known (Iri et al., 1979). 

Dynamic reasoning is an important feature to support diagnostic decision-making. The arcs 

can therefore be parameterised using basic concepts of control engineering theory (Montmain 

and Gentil, 2000). This enables the creation of a dynamic causal graph. Its arcs are related to 

transfer functions in the linear case. The causal graph of the system is, in this situation, a 
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special representation of its block diagram, where the MISO structure is clearly revealed. This 

causal graph can include as many loops as necessary to represent the system operation (either 

physical loops representing material circulation or control loops (Leyval et al., 1994)). 

The dynamic causal graph is a representation whose objectives are much wider than 

the numerical simulation of a block-diagram. Particularly, it enables the names of the 

components related to the transfer function to be attached to each arc. This makes linking 

behavioural and structural models easy. In addition, advice for maintenance or supervision 

can be attached to each arc and used when the components related to a specific arc are found 

abnormal (Heim et al., 2002). In the following section, the causal graph has been 

supplemented with extra information useful for the diagnostic strategy. An arc or a node may 

be formally described by data, a relationship and its support as shown in Table 3. This 

information is particularly useful for diagnosis and emphasizes each sensor’s role. 

Elaborating a dynamic causal graph for a complicated system can be tackled in two 

ways. In the first method, a sound physical analysis of the process is undertaken with the help 

of process engineers, and physical knowledge is translated into causal relations between 

entities. In practical cases the causal graph is not necessarily easy to develop, and requires a 

detailed physical analysis but this is the source of its explanatory capability. The second 

method requires that a formal model be available, in the form of algebro-differential 

equations. Causal ordering is then undertaken in order to decide which variables are 

considered to be causes for other variables. Using this procedure, causality is analogous to 

calculability (Iwasaki and Simon, 1986). Yet, calculability may be difficult to find in static 

relations and sometimes the chosen causality is arbitrary. Tools for the automated building of 

causal models from an equation set are presented in the literature (Travé-Massuyès and Pons, 

1997; Heim et al., 2003) and can be related to the automatic generation of residuals (Flaus and 
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Gentil, 2003). Transfer functions supported by the arcs can be identified with classical tools 

or with set membership identification methods, which will be explained in section 4. 

This section has presented a brief description of causal reasoning, its usefulness for 

diagnosis and how to develop the dynamic causal model of a complex process. 

3.2 Exoneration principle 

A general diagnostic strategy can be mainly decomposed into procedures focusing on 

either the normal behaviour or abnormal behaviour model. In the following section, the 

proposed strategy implements only the consistency tests related to the normal behaviour 

model. 

Exoneration principle is a fundamental concept that is often used implicitly in 

diagnosis. It will be explicitly examined in this section in order to reveal both its usefulness 

and its limits. 

In the normal behaviour model case, inconsistency leads to the conclusion that the 

state of the system is abnormal due to some faulty components. Consistency, however, does 

not lead to any formal conclusion. Actually, a null fault indicator is due to the insensitivity to 

a specific fault. It can be the consequence of a small fault amplitude or of a non persistent 

symptom in a particular experimental situation (non exciting input for instance) or of multiple 

faults compensation. 

Artificial intelligence introduces the exoneration principle, as it allows for the 

interpretation of the situation when the fault indicators are consistent. When using a normal 

behaviour model, exoneration consists of deciding that, when a symptom is zero, all the 

physical components whose model is used to compute the corresponding fault indicator are 

normal. This is a strong hypothesis that is made implicitly when using a signature table 

(Cordier et al., 2000). 
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Exoneration can lead in some cases to an erroneous diagnosis. It is nevertheless 

important to note that the consistency sustained during different operating modes or during a 

long time window reinforces the plausibility of a normal state. It can be expected that multiple 

faults cannot mask themselves for a long time in a dynamic system, or that the inputs will 

finally excite the fault mode. 

In what follows, exoneration will be used in conjunction with causal reasoning in 

order to propose an effective strategy. 

3.3 Diagnostic strategy 

3.3.1 Definitions and notations 

In order to describe the proposed strategy some definitions are first introduced. 

Let G(N, A) represent the graph with N the set of nodes  and A the set of arcs . 

A test T

kN 1, 2k kA

r is defined through several attributes: 

• A set of arcs Ar and a set of nodes Nr represent a sub-graph Gr(Nr, Ar). 

{ }int, ,r rin r rout
k k kN N N N=

int
kN

is the set of nodes with several input nodes  , 

intermediary nodes and a single output node . The input nodes are the 

sources in the sub-graph G

in
kN

out
kN

r. The output node is the last node in the causal 

chain represented by Gr. 

• The test model combines the mathematical relations (see Table 3) 

corresponding to its arcs and to its terminal nodes 

. int
1, 2( ( \ ), ( )r r r r

k k k kM R N N R A∪ ∪ )

• The test support Cr gathers the physical components related to the arcs and to 

the terminal nodes { }int
1, 2( \ ), ( )r r r r

k k k kC C N N C A= ∪ ∪ .  

• The test decision function is based on the test model and the output 

node . ( , )r r rout
kD M N



  16 

• The test result (consistency or inconsistency) is based on its decision function 

that verifies the membership of the output variable measured value to an 

interval, which is computed using the model and the calculation laws 

established in section 2, see equation (17). 

A minimal test is a test based on a sub-graph with no intermediary nodes. In this 

situation, the model Mr will be called a minimal model.  

In the following paragraph, an example is considered to clarify the definitions (Figure 

2). For this example, the tests based on the following elements are minimal: 

• node y1 and y2 and arc from y1 to y2 (T1); 

• node y4, y5 and y6 and arcs from y4 to y5 and y6 to y5 (T4). 

The test based on the following elements is non-minimal: 

•  node y1, y2, y3 and y4 and arc from y1 to y2, from y2 to y3, and y3 to y4 

(T8). 

Table 4 presents all the minimal and non minimal tests that can be performed on the 

graph in Figure 2. This structural table can be compared with a signature table, replacing I, O, 

and X by 1 and the other elements by 0. Each row represents a test and each column a fault, 

directly related to the physical components. Each line of this table is independent of the 

others, which means that the test supports are different. The difference of the proposed 

strategy that will be detailed in the following paragraph with the classical approach, is that 

this table does not need to be constructed a priori. Only lines that are relevant to the actual 

process state are analysed. 

3.3.2 Strategy 

For the proposed strategy two steps can be distinguished during the diagnostic 

procedure. The first is based on permanent tests and the second refines the diagnosis using 

relevant additional tests (Figure 3). In the first step, only the minimal tests are performed. The 
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second step triggers only the relevant non-minimal tests in order to limit the number of tests 

to be performed. 

This procedure is now detailed. It manages two lists, the list of components whose 

state is normal, LN and the list of suspect components LS, which are both initialised to the 

empty list. At each sampling time, all the minimal tests are successively performed. If a 

minimal test has a consistent result, the related components are considered normal and added 

to LN, thus composed by the union of the consistent test supports: 

: j
j

N
j

L C j T consistent= ∀∪     (18) 

If a minimal test leads to an inconsistent result, the test support is suspected of being 

faulty and its components that are not in LN are added to LS, thus composed by the union of 

the inconsistent test supports that are not exonerated by the consistent tests: 

\ : i
i

S N
i

L C L i T inconsiste= ∀∪ nt    (19) 

LS represents a diagnosis in the sense that at least one of the components in the list is 

faulty.  

The first step of the procedure provides a list of suspect components LS that the second 

step will try to minimize. Subsequently, it has to be decided which non minimal tests are 

relevant to decrease LS. The non minimal tests whose support contains at least one of the 

suspect components are those that are interesting to analyse, computing their decision 

function. These tests are the ones which combine the arcs of the inconsistent tests in G(N,A). 

Consistent test supports are exonerated (suppressed from LS and added to LN). Now, let us 

note that if a non minimal test support contains the same set of suspect components as one 

that has already been checked, this test has not to be performed because it cannot bring 

supplementary information. Finally, after the analysis of minimal tests and relevant non 

minimal ones, the components in LS represent the final diagnosis.  
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The proposed strategy is illustrated with the simple causal graph shown in Figure 2, 

whose minimal and non-minimal tests are listed in the structural Table 4. The procedure 

results are found in Table 5. 

A fault scenario involving a fault on y2 sensor is analysed. 

At each sampling time, the minimal tests T1, T2, T3 and T4 are performed. T1 and T2 are 

inconsistent. The set LS of suspect components is: 

{ }1 2 1 2 3 4
1 2 12 23\ \ , ,S NL C C L C C C C y y A A= ∪ = ∪ ∪ = ,

2

 

T1 and T2 inconsistency indicates that their support union C  is suspect: at least 

one of the components related to nodes y

1 C∪

1, y2 and y3, and to arcs A12 and A23 is faulty. The set 

of suspected components is reduced by exoneration of components that belong to a consistent 

minimal test. Therefore, T3 consistency exonerates the component related to y3 

( { }3
3SC L y∩ = ): if the related sensor is faulty, then test T3 cannot be consistent. 

Following these minimal tests, all the relevant non-minimal tests must be selected. The non-

minimal tests to trigger are those that include in their support at least one of the suspect 

components: T5 and T6. T5 is consistent. This allows exonerating y1, A12 and A23. LS is now 

restricted to one component, the sensor of y2, and the diagnosis is finished.  

A double fault scenario is analyzed now: a fault on y2 and a fault on A34. T1, T2, T3 are 

inconsistent and T4 consistent. Thus { }1 2 3 12 23 34, , , , ,SL y y y A A A= . Then T5 is selected and is 

consistent, which exonerates { }1 3, ,y y

2y

12 23,A A

}34, A

. T6 and T7 are inconsistent and thus don’t allow 

exoneration. The final diagnostic is{ , which is the correct one.  

Despite the exoneration hypothesis, this procedure is well adapted to the diagnosis of 

multiple faults, which is not the case of signature tables. When using a signature table, a 

multiple fault leads to a signature which is not similar to any column in the incidence matrix 
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and thus cannot be diagnosed. A sound comparison of the two approaches can be found in 

Cordier et al. (2000). 

 

4 Applying the method on an industrial example 

An application of the proposed method was carried out at a nuclear fuel reprocessing 

plant (Figure 4) designed to separate uranium and plutonium from fission products (FP) by 

selective extraction. The plant is composed of two pulsed columns coupled head to tail. In this 

section, a single column is presented to simplify the explanation. 

A pulsed column is a liquid-liquid extraction device. The spent fuel (comprising 

uranium, plutonium and FP) is dissolved in nitric acid (QF), and the extraction column 

selectively transfers uranium and plutonium to an organic phase (input QOe and output QO0). 

Most of the fission products remain in the aqueous phase (QA). The aqueous phase extracted 

as the output of the second column is recycled at the input of the first, QFr. 

The extraction step requires that the aqueous and organic phases be thoroughly mixed 

to maximize the contact surface area between the two solvents and thereby optimize the 

chemical exchange phenomena. The column is thus subjected to periodic pressure pulses 

(PRE), which form an emulsion in order to delay the descent of the heavy phase thereby 

enabling it to mix with the light phase. An intermediary variable, called the column weight, Β, 

is used to represent the phenomena inside the column. The interface, the surface physically 

separating the two phases, is located in the settler at the bottom of the column and is regulated 

by drawing off the aqueous phase (QA) at an appropriate rate.  

Data obtained with a realistic non linear simulator written by nuclear physicists have 

been used to identify the process model and to characterize the process uncertainties. This is 

detailed in section 4.2. Further, a simulator has been realized with MATLAB/SIMULINK and 

for evident safety reasons, the fault experiments that are presented in section 4.3 are obtained 
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with this simulator. It is based on a linearized mathematical model, using the identified 

transfer functions whose parameters are time-varying (square wave of period 5000 seconds 

and amplitude the maximal and the minimal parameter uncertainty value — see Table 6). This 

simulator can provide the reference behaviour and allows also simulating faulty behaviours 

(sensor, actuator and process faults).  

 

4.1 Representation of the process  

A careful physical analysis of this process provides a causal graph linking input and 

output flows, levels and column weights (Leyval et al., 1994). The causal graph of the 

complete process includes 45 variables with 9 set points and 5 control-loops, which have been 

used to design a supervisory system interface (Evsukoff et al., 2000). A simplified graph of 

one column is proposed in Figure 5 and will be used in what follows to illustrate the method 

presented in this paper.  

The model of the plant, whose structure is shown by the causal graph in Figure 5, is 

composed of three minimal MISO models (M1, M2, M3) and three non-minimal models (M4, 

M5, M6). Each arc corresponds to a transfer function, which is shown in Figure 5. Each 

parameter of the transfer functions is assumed to belong to a bounded set represented by an 

interval, except for the uncertainties on time delays, which are supposed to be smaller than the 

sampling time and consequently negligible. Using these minimal models, a set of minimal and 

non-minimal tests have been obtained for diagnostic purposes. 

4.2 Parameter Uncertainty Estimation 

The parameter uncertainty values have to be determined. There are two main 

approaches: empirical or numerical. The empirical approach consists of using physical 

knowledge of uncertainties and then adjusting the additive uncertainties (eu) in (13), (14), in 

order to remain consistent with the available sets of measurements corresponding to normal 
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behaviour. The numerical approach, which has been used in this work, consists of using 

algorithms given in Ploix et al. (1999) and is briefly presented in this section. 

Uncertainties on gains and time constants were considered for each transfer function 

as follows: 

( )
( )

' (1 ) [ 1

' (1 ) [ 11
k k kk k

τ τ τ

= + ρ υ υ = −

τ = τ +ρ υ υ = −

M

 M

1]

]
      (18) 

Using these relations, the characterization of uncertainties determines the ρk, ρτ and 

the additive error e’u, considering for the output variable  the relations (13), (14): ky�

( ) [ ]' ' '
1 ( , , , )  ; ;k k k k u u u u uy f y u e e e e+ τ= ρ ρ + = −δ δ =M� � � u uυ     (19) 

where  is the measurement of the input variable, i.e. the upstream node in the graph.  ku�

A constrained linear optimization technique is used to estimate the parameter 

uncertainties. For each minimal model, the following objective function, representing the 

model output precision, is minimized:  

1
( )

N

k k
k

y y
J

N
=

−
=
∑ � �

         (20) 

where ky�  and  respectively denote the maximum and minimum possible values for 

y

ky�

k and N is the number of samples. 

The imposed constraints are: 

0
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k k
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y y
y y

G

τ

− 
 − 
 = −ρ 〈
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 −δ 

��
� �

         (21) 

These constraints ensure that, for each model, the value  (issued from the non linear 

simulator) is within the bounds and

ky�

ky� ky�  and that the uncertainty parameters ρk, ρτ and δu are 
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positive in order that the solution makes sense. The value  corresponds to a normal 

behaviour data set. 

ky�

The objective function has been minimized within the constraints using the simplex 

method (Fagarasan, 2000) and the values of parameter uncertainty estimation are less than 5% 

(Table 6). The results of the parameter uncertainty estimation method and the coefficients 

shown in Table 2 allow the testable models to be built. Using these models, the response to 

the given inputs is defined by two curves, andky� ky� , determined by the minimum and the 

maximum of all possible responses (Figure 6 and 7). Therefore, the output for such a model at 

a given time is an interval instead of a definite value, and the set of intervals defined for all 

sampling times lead to an envelope. 

Figure 6 shows the values of the intervals obtained for each minimal model (M1, M2, 

M3) and Figure 7 reflects the uncertainty propagation from one model to another (e.g. M4 = 

from M1 to M2, M5 = from M2 to M3, or M6 = from M1 to M2 and to M3). In the test based on 

model M6, an expansion of the interval can be observed, but it is not very significant. 

 

4.3 Diagnostic scenario 

The method presented in section 3 shall be summarized as follows. With the set-

membership approach, the model simulation results in the membership space of output 

variables. The decision function consists of verifying that each measurement belongs to its 

corresponding space. 

However, in order to provide quantitative information to compare the results of the 

proposed method with a classical approach based on a constant threshold, distances have been 

used to appreciate the proximity of measurements to the closest interval bound. 

If a measurement  belongs to a interval y� [ ],z z� �  (eq. 17) and if z  is the estimation of z 

when uncertainties are neglected, then the proposed distance is defined as (see Figure 8): 
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( )

( )

if ,

if ,

z zz z d z
z z
z zz z d z
z z

− < = −
 − > =
 −

�� � �

�� � �
 (22) 

The distance (22) is zero when the measurement is equal to z . The more the distance tends to 

1, the more the measurement is close to one of the interval bounds. If the measurement is out 

of this interval, the distance is greater than 1. 

Figure 9 represents the detection results obtained for a fault scenario: a process fault 

on the arc A67 corresponding to an abnormal transient variation of the gain in the transfer 

function related to the arc A67 between time 11000 and 14000. For this scenario, process 

inputs are shown in Figure 10 and data is disturbed by a small uniform random noise. In order 

to be comparable, the results have been displayed as distances. Two distances are available : 

one is provided by (22) and the second one represents a classical approach with deterministic 

tests based on the same model without considering uncertainties. For this last approach, the 

interval [ ],z z� �  required in (22) is determined by a fixed threshold δ:[ ] [ ], ,z z z z= − δ + δ� � . 

For this scenario, the distance based on the interval algorithms related to model (M5) 

allows the detection of a symptom on model (M5) whereas the one based on the deterministic 

approach does not. It is not surprising because deterministic approach leads to a fixed 

threshold which is penalized in this case whereas the interval based approach leads to an 

adaptative threshold tuned according to the model uncertainties. 

 The results of the consistency tests are reported in the last column of Table 7.  

Performing the minimal tests, inconsistency is observed on test T3 based on model M3. 

Thus, the sensors and the sub-process in T3 support and not in T1 and T2 supports are suspected 

of being faulty: supports of the arcs {A17, A27, A37, A47, A67} and y7 sensor (see Table 7). Then, 

non-minimal tests that may clear some of these components are performed i.e. tests T5 and T6 

based respectively on models M5 and M6.  
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Regarding Table 7, tests T5, T6 are inconsistent. Thus they can not clear any suspected 

component and the final diagnosis is that one or several of these components are faulty : {A17, 

A27, A37, A47, A67, y7}.  

5 Conclusion 

A new procedure regarding the diagnosis of uncertain systems has been presented in 

this paper. It is based on a set membership approach for consistency tests and relies on causal 

reasoning and the exoneration principle in order to cope with complex process diagnosis. 

Consistency tests needed by the diagnostic procedure verified if the measurements 

belong to their membership spaces as predicted by their respective models. Compared with 

other methods, the proposed method has the advantage of considering modelling uncertainties 

from the beginning. Intervals were used to represent model parameters and noise. The 

possibility of estimating these uncertainties was discussed. Their estimation resulted from a 

measurement sequence, which was representative of the nominal normal behaviour, and was 

founded on the minimization of a criterion based on the output interval width. It should be 

stressed that uncertainty characterization needs to be carried out very carefully. This is 

because on the one hand, the resulting consistency tests have to guarantee that there are no 

false alarms, and, on the other hand, many undetected faults are likely to remain if the output 

interval is overestimated.  

Discrete time approximations of simple continuous time transfer functions were used 

for the models. Because these functions are both arithmetic and monotonic with respect to 

uncertainties, the membership space of the output measurement was obtained by solving 

simple systems, using interval calculation laws. The results for uncertainty characterization 

and propagation showed that the proposed approach is appropriate for complex dynamic 

systems, even if uncertain models are linked to one another. Extension to more complicated 

transfer functions than those studied in this paper is currently being researched. 
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To allow the use of interval calculus for detection, a complex system was considered 

as a set of interconnected elementary transfer functions, owing to causal analysis. The 

structure of the causal graph leaded to MISO models that are well suited to the proposed set-

membership approach. The resulting model structure, which is derived from the causal 

reasoning principles, determined the consistency tests that are to be performed on line and 

allowed diagnostic procedure structuring. The proposed diagnostic strategy consisted of two 

steps. The first step involved performing all the possible minimal tests that could be found 

with the causal graph, that is the tests relying on a single output node connected to its input 

nodes. The second step determined other relevant tests that in case of consistency, permitted 

exoneration of some suspected components and consequently reduced the final diagnosis. 

The proposed strategy is effective as it enables the application of set membership 

approaches to the diagnosis of complex processes. This was illustrated by a nuclear process 

example. The strategy used in this paper focused on normal operation-oriented model. In 

order to improve the resulting diagnosis, it would be necessary to develop faulty behaviour 

models to be used by abnormal operation oriented procedures. The diagnosis would be thus 

drawn from both normal operation and abnormal operation approaches. This strategy, with 

these further refinements, has the potential to apply to the diagnosis of a multitude of 

industrial processes. 
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